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Abstract 

This paper introduces the notion of an {J^f, < t < T}-consistent dynamic operator 
with a floor, by suitably formulating four axioms. It is shown that an {J^t, < t < T}- 
consistent dynamic operator {£s,t,^ < < t < T} with a continuous upper-bounded 
floor S is necessarily represented by the solution of a backward stochastic differen- 
tial equation (BSDE) reflected upwards on the floor, if it is if^-super-dominated for 
some fi > and if it has the non-increasing and floor-above-invariant property of 
forward translation. We make full use of the two assumptions to extend the un- 
derlying {Tt,0 < t < r}-consistent dynamic operator from the subset L?'{J^x] St) 
of floor-dominating square-integrable random variables to the whole space L?'{J-t) of 
square-integrable random variables. The extended dynamic operators are shown to be 
identifled to an {J-t, < t < Tj-consistent expectation £. The generator g of its BSDE 
representation given by Coquet, Hu, Memin, and Peng ^ Probability Theory and 
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related Fields, 123 (2002), l-2f\ turns out to be that of the desired RBSDE. More ele- 
gantly, the process {ft,r \^\ , < t < T} turns out to be an £^-supermartingale for each 
X G 1?{Tt\St)- This key observation allows us to apply a nonlinear Doob- Meyer's 
decomposition theorem to construct the increasing process of {^t,r \X.\ , < t < T} as 
a solution to some BSDE reflected upwards on the floor. 

2000 Mathematics Subject Classification. Primary 60H10; Secondary 60H30. 

Key Words, reflected BSDE, dynamic nonlinear operator, filtration-consistent non- 
linear expectation, nonlinear Doob-Meyer decomposition. 

1 Introduction. 

Let {i?t,0 < t < T} be a d-dimensional standard Brownian motion defined on a 
probability space {Q,!F,P). Let {Tt,0 < t < T} he the natural filtration of {Bt,t G 
[0, r]}, augmented by all P-nuU sets of J^. Set 

L'^{J-t) ■= {C ■ C is an .^T-nieasurable random variable s.t. E\^\'^ < +oo}, 

L^{Tt;St) := {^€L^{Tt):C>St}, LI{Tt) := L^Tt;0), 
£j,{0, T; M"*) := : is M™-valued and {Tt,0<t< Tj-adapted s.t. E \<ft\'^dt < oo}, 

M2 := |(^ G £|-(0, T;R) -.(p is predictable }, 

:= |(^ G : is right-continuous s.t. £'supo<t<r Iv'tP < +oo|. 

Let be given three objects: a terminal value ^, a random field g : x [0, T] x 
M X M'^ — > M, and a continuous progressively measurable real-valued random process 
{St,0 <t <T}. Assume that 

(CI) ^ G L\J^t). 

(C2) g{-,y,z) G If for {y,z) G R x M'^. 

(C3) \g{t,y,z)-g{t,y',z')\ < a{\y -y'\ + \z- z'\) a.s. withy,y' gM and 2;,2;' G 
for some positive constant a. And 

(C4) 5+ e .^^^ St<^ a.s.. 

Consider the following reflected backward stochastic differential equation (RBSDE): 
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Yt = i+ f g{s,Ys,Z,)ds + KT-Kt- [ {Zs,dB,), 0<t<T; 
Jt Jt ^ 

Yt > St, a.s.O <t<T; i^o = and / {Yt - St)dKt = 0. 

JO 



(1.1) 



Its solution is a triple {{Yt, Zt,Kt),Q < t < T} oi {Ft,^ < i < T}-progressively 
measurable processes taking values in RxR'^xR+ such that (i) Z G M^, and (ii) {Kt, < 
t < T} is continuous and increasing. There exists unique solution {{Yt, Zt, Kt),0 < 
t < T} of RBSDE (HITJ) if conditions (C1)-(C4) are satisfied. For further details, see 
El Karoui, Kapoudjian, Pardoux, Peng, and Quenez j^j- 
Define 

£-[|'^[y] := y^, yYeL\TT;ST) 

and 

£l;^[Y] := £lf[Y], yYGLliJ^T). 

Here, the superscript r indicates that the underlying operators are generated by a 
reflected BSDE, and the superscripts {g, S) specify the generator and the obstacle of 
the underlying RBSDE. It was noted by El Karoui and Quenez ^ that the operator 
E-l'j''^ satisfies the following properties: 

(^1) Monotonicity. £s,t[Y\ > SsA^'] if ^' G L^i^t) and Y > Y' . 

{A2) Time consistency. £r,s[£s,t[Y]] = ^rA^] H r < s < t < T and Y e L'^{Tt). 
Therefore it is a nonlinear pricing system of square-integrable American contingent 
claims. A financial theoretically interesting problem is the converse one: Is a dynamic 
operator with similar properties like (^1) and {A2) necessarily represented by a RB- 
SDE? That is, we are concerned with axiomatic characteristics for a dynamic operator 
to be represented by a RBSDE. 

This paper is concerned with the converse problem for RBSDE Hl.l|) with a general 
floor S > —oo. More precisely, we introduce a class of dynamic operators with floors, 
and then relate them to BSDEs reflected upwards on the floors. In this way, we 
characterize on one hand the solutions of RBSDEs with axioms, and on the other 
hand, we give a representation for the dynamic operators in terms of RBSDEs (|l.ip . 

Throughout the paper, we shall make the following three assumptions. The first 
one concerns some continuity of the underlying dynamic operators: 
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(HI) (S'^-super-domination There is some fi > such that 

£t,T[X + Y]- £t,T[X] < S^^tI^], a.s. (1.2) 

for t G [0,T],X G L^{Ft;St) and Y G L\{J^t)- Here, E'^^^l^] := yt with {yt,0 < t < 
T} being the first component of the solution of the following BSDE: 

yt = Y + J^ ^i\zs\ds- {zs,dBs), 0<t<T. (1.3) 

The following assumption is its weaker version: 

(HI)' iS^-domination There is some /j, > such that for X G L'^{J-t', St) and Y G 
L^{J^t), we have 

£o,t[X + Y]- £o,t[X] < £^^t[Y]. (1.4) 

Note that the assumption (HI)' is much weaker than that of if^-domination used 
by Coquet, Hu, Memin and Peng ^ Definition 4.1, page 9], in that Y is here restricted 
within L'^{J^t) instead of taking values in the whole space LP'^J-t) hke the latter. This 
difference will complicate our subsequent arguments. 

The second assumption still concerns the operators: 

(H2) The non-increasing and floor-above-invariant property of forward 
translation £t^T[X + Y]< £t,T[X] + Y, a.s. for X G L'^{Tt;St) and Y G L^(J^t). 
Furthermore, for X G L'^{J^t', St) such that <f^(.j'[X] > St a.s. for t G [0, T], We have 
£t,T[X + Y]= £t^T[X] + Y for any Y e Ll{Tt). 

The third assumption concerns the underlying floor S: 

(H3) The predictable process S is continuous and S^ G S^. Moreover, there is a 
positive constant C such that ess supo<t<T <C a.s.. 

We now introduce the notion of an {J-t,0 < t < T}-consistent dynamic operator 
with floor 5. 

Definition 1.1. A time parameterized system of operators 

£s,t[-] : L\Tt; St) L\Ts] Ss), 0<s<t<T (1.5) 

is called an {JFt,0 < t < T}-consistent dynamic operator with floor S if it satisfies : 
£s^t\Y] is continuous in s G [0, t] fort G [0, T] and Y G L?'{J-t\St), and furthermore, it 
satisfies the following four axioms. 
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(Dl) Floor-above strict monotonicity £'s,t[l^] > fs,j[y'] a.s. forY and Y' £ 
Lp'{J-t]St) such that Y > Y' a.s.. If £s^t\^] > Ss a.s. for any s € [r, t] and some 
r G [0,t], then Y' = Y a.s. ifY">Y a.s. and SrA"^'] = SrA^] a.s.. 

(D2) £s,t[Y] = Y a.s. for each Y G L'^{T,-C). 

(D3) Time consistency £r,s[^s,t[Y]] = £r,t[Y] a.s. for Y G L^{Tt;C) if r < s < 
t < T. 

(D4) Zero-one law For each s < t, £s,t[^Ay + C] - C = lAi^sA^ + C] - C), 
a.s., G J-g for any constant C dominating the floor. 

The main result of the paper is stated as follows. 

Theorem 1.1. Consider an {J-t,^ < t < T}-consistent dynamic operator {£s,t,0 < 
s < t < T} with floor S. Assume that {£s^t,0 ^ s < t < T} satisfies (HI) and (H2), 
and the obstacle S satisfies (H3). Then, there is a random field (7 : x [0, T] x R"^ R 
such that the following are satisfied: 

(i) g{t,0) = fora.e. t G [0,r], 

(a) \g{t,zi) - g{t,Z2)\ < n\zi - Z2I, and 

(Hi) £s,t{y) = £2t'^0') for any Y G L'^{Tu St) and s G [t, T] with t G [0, T]. 
For the particular case of the zero floor (S = 0), the last assertion is still true if 
the assumption (HI) is replaced by the weaker one (HI)'. 

It is worth noting that the extremal case of the negative infinite floor (that is, 
S = —00) for RBSDE (|1.H) is the following backward stochastic differential equation 
(BSDE): 

yt = i+ I g{s,Ys,Zs)ds- [ {Zs,dBs), 0<t<T. (1.6) 
Jt Jt 

Under conditions (C1)-(C3), it has a unique adapted solution (y, Z). In the following, 
denote Yt by £frp[^] to emphasize the dependence on the parameter {i,g) and the 
initial and terminal times pair (t,T). Coquet, Hu, Memin and Peng J] introduce the 
notion of an {J^t, < t < T}-consistent expectation, which is defined to be a nonlinear 
functional £[■] on L?'{Tt), satisfying the following three axioms (E1)-(E3). 

(El) £[Yi] < £[Y2] if Yi,Y2 G L'^iTr) and Yi < Y2. Furthermore, if Yi < Y2, then 
Y^ = Y2 if £[Yi] = £[Y2]. 

(E2) £[C] = C for any constant C. And 
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(E3) The iS-expectation (denoted by of y G L?'{Tt) conditioned on Tt 

exists uniquely for any t G [0,T]. That is, there is unique r/ G L^{J-t) such that 

£[rjlA] = £[Y1a], yAeTf (1.7) 

The third axiom (E3) shows that an {J^t,0 1^ t < T}-consistent expectation £[■] induces 
an {J^t, < t < T}-consistent dynamic operator, which will be denoted by {£'s,t[-], < 
s < t < T}. We shall identify one of them with the other. 

Coquet, Hu, Memin and Peng ^ proved the following representation result. 

Theorem 1.2. Assume that an {J^t,0 ^t< T}-consistent expectation {£'s,tiO < s < 
t < T} satisfies (HI)' for some positive constant fj, and the following assumption: 

(H2)' Translation invariance. £'s,t[X + Y] = £s,t[X] + Y a.s. for s < t,X € 
L'^{Tt) andY £ L'^{Ts). 

Then, there is a random field g : 17 x [0, T] x M*^ M such that 

(i) g{t, 0) = for a.e. t G [0, T] and g{-, z) G £^(0, T) for z G M.'^, 

(ii) \g{t, zi) — g{t, Z2)\ < fJ,\zi — Z2I for zi, Z2 G M'^ and a.e. t G [0, T], and 
(ill) £o,t[Y] = £It[Y] for any Y G L^{Ft). 

Note that an {.Ft,0 <t< T}-consistent expectation {£"^^4,0 < s <t < T} has the 
following four properties. 

(Al) Strict Monotonicity. £s,t[Y] > £s,t[Y'] if Y,Y' G L'^{J't) and Y > Y' . 
Furthermore, if y' > F and £s,t[Y'] = £sAY], then Y' = Y. 

(A2) £s,t[Y] = Y a.s. for s G [0, t] and Y G L'^{Ts). 

(A3) Time consistency. £r,s[£s,t[Y]] = £r,t[Y] if r < s < t < T and Y e L'^{Ft)- 
(A4) Zero-One law. £s,t[lAY\ = lA£s,t[Y] a-s. for s < t, A G J's, and Y G L'^{Tt). 
Theorem 1 1 . 21 means that an {Tt, < t < T}-consistent expectation always has a BSDE 
representation if it is both £^^-dominated for some fi > and constant-preserving. Note 
that (HI) is stronger than (HI)' and however, the latter together with (H2)' and (Al)- 
(A4) implies the former (see Remark 123] for further details). Further, (H2)' is stronger 
than (H2). Therefore, Theorem ll.2l is the special case of S" = — 00 for Theorem ll.il 

Though Theorem 11.11 is a generalized version of Theorem 11.21 it turns out to be 
far from straightforward in both its formulation and its proof, due to the appearance 
of the floor. Indeed, they call for original ideas. In particular, two key points are 
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worth to be mentioned here. The one is to make full use of the non-increasing and 
floor-above-invariant assumption (H2) of forward translation and the assumption (HI) 
of £''^-super-domination for some /i > 0, to extend the underlying {J^t,0 ^ t < T}- 
consistent dynamic operator from the subset L'^{Tt', St) of floor-dominating square- 
integrable random variables to the whole space LP'^J-t) of square- integrable random 
variables. The extended dynamic operators are shown to be identified to an {.7-^,0 < 
t < r}-consistent expectation £. The generator g of its BSDE representation given 
by Theorem 11.21 turns out to be that of the desired RBSDE. More interesting is the 
second key point — a beautiful observation: the process {£t,T[X],0 < t < T} turns 
out to be an £'-supermartingale for each X G L?' {Tt'-, St) ■ This fact allows us to 
apply a nonlinear Doob- Meyer's decomposition theorem in 1 , to give the increasing 
process of {£t^T[X\,Q < t < T} as a solution to some BSDE reflected upwards on the 
floor. Eventually, our proof of Theorem 11.11 is both natural and elegant. To diverse 
the difficulty in the above arguments, the whole proof is divided into three sections: 
Sections 2-4. The above two key points are exposed in detail separately in the first two 
sections: Sections 2 and 3. 

The rest of the paper is organized as follows. In Section 2, we consider the case of 
the zero floor. In this case, for any nonnegative terminal value, the process {Kt,Q < 
t < T} in RBSDE (fTTj) is zero and thus the RBSDE is reduced to a BSDE. Nonlinear 
Doob-Meyer's decomposition theorems are not needed in this case. We concentrate 
our attention to show how to extend the family of dynamic operators defined on the 
subset L+(J-t) of L?'{Tt) to an {Tt,^ < t < T}-expectation, which is defined on 
the whole space L^{J-t)- In Section 3, we consider the case of the negative floor. 
Restricting the underlying {£"^^^,0 <t< T}-consistent dynamic operator to L'^{J^t), 
we get an {Tt,0 <t< T}-expectation by extending the restriction to L'^{Tt) in the 
way as shown in the preceding section. The {TtjO < t < T}-expectation gives the 
generator g of an RBSDE by Theorem 11.21 In addition, we have to give the amount 
{i^f ,0 < t < T} to push upwards for {£t,T[X],0 < t < T} with X £ L'^{Tt;St), 
that is, the increasing process in relevant to an RBSDE. For this purpose, a nonlinear 
Doob-Meyer's decomposition theorems is shown how to be used. The key point is to 
observe that the process {£'f,T [-'i^] , <t< T} turns out to be an £'-supermartingale for 
each X G L?'{!Ft', St)- In Section 4, we consider the general case of the upper bounded 
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floor and give the proof of Theorem 11.11 

Remark 1.1. The upper-bounded assumption on the floor S in (H3) can he removed. 
This subject will he detailed elsewhere. 

2 The case of the zero floor. 

In the case of the zero floor, the properties (D2) and (D4) read 
(D2)' EsA^] = ^ a.s. for Y G L\{T,) and s G [0,t]. 

(D4)' Zero-one law EsA'^aY] = lA£s,t[^]^ a.s. for s G [0,i], A G J^^, and 

From (Dl), (D2)', (HI) and (H2), we can give the following: 
(H2)' We have for t G [0,T],X G L\{J^t) and Y G L\{J't), 

£t,T[X + Y] = St,T[X]+YB..s. . 

In fact, consider X G L\{Tt) and Y G L\{rt). It follows from (D2)' that £t,T[e] = 
e for t G [0, T] and very constant e > 0. Therefore, from (Dl), we deduce that 
£t.T[^ + X] > £t,T[^] = e > a.s. for t G [0,T]. Consequently, by (H2), we conclude 
that 

£t,T[e + X + Y]= £t,T[^ + X]+Y a.s. . (2.1) 

By (HI), we can take the limit e ^ 0, and we have the desired equality. 
It is easy to prove the following theorem: 

Theorem 2.1. Let {y,z) be the adapted solution of BSDE il.b]) with the terminal 
condition Y G L^{J-t). Then the triple (y, z, 0) is the adapted solution of RBSDE M.l]) 
with the parameter {Y, g, 0) . 

Remark 2.1. Theorem \2.1\ shows that the adapted solution of RBSDE is the one 
of the corresponding BSDE M.b}) for any terminal value Y G L^{J-t) since the obstacle 
{St,0 <t< T} is not active in this case. 

The following lemma is immediate and will be used later. 

Lemma 2.1. We have 
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(i) E[£'^,j,[Xf] < exp(2-ip(p - 1)-V^(^ - t))E[XP] for all fi > 0,t e [0,T], and 
X G LP{Tt), withpG (1,2]; 

(ii) £~^[X + Y] = Y - £^^t[-^] a-s- for all fi > 0,t £ [0,T],X G L'^{J^t), and 
Y G L^iTt); And 

(in) SqxI'] ^'^'^ ^ort'] '^'"^ strongly continuous in LP'{Tt)- 

Proof. We only prove the first assertion (i). The other two assertions are easy to 

see. 

For simplicity of notations, set yt := <?j^y[X]. Then, be definition, there is unique 
z G C%{^, T; R'^) such that {y, z) is the unique adapted solution of BSDE 1)1.3^ . Using 
Ito's formula, we have 

^ly^r + \p{P - 1) [ \ysr^\zs? ds = E\X\P + 2fipl^^ ds. (2.2) 

Since 

< w^^^''\y^\' + \p^p - ^)\ysr'\zst (2.3) 

2{p - 1) 2 

we have 

E\yt\P < E\X\P + ^(^^/^' \ysfds. (2.4) 

The standard arguments of using Gronwall's inequality then gives the desired inequal- 
ity. □ 

Remark 2.2. See Coquet, Hu, Memin and Peng '1, Lemma 2.2, page 5] for the detailed 
proof of the first assertion in the case of p = 2, which is easy and standard. 

In view of Theorem 12.11 we have from Peng's work on the properties of BSDE 
the following 

Theorem 2.2. Assume that conditions (C2)-(C4) are satisfied. Moreover, assume 
that £/(•, -,0) = 0. Then, {fl;f,0 < s<t<T} satisfies (HI), (Dl), (D2)', (D3), (D4)' 
and (H2)'. Therefore, it is an {J^t,^ <t< T}-consistent dynamic operator with the 
zero floor. 

Roughly speaking. Theorem 12.21 asserts that an RBSDE with the obstacle being 
zero introduces an {^^(,0 <t< T}-consistent dynamic operator. In what follows, we 
shall consider the converse problem. That is, we shall associate an {.Ft,0 < t < T}- 
consistent dynamic operator with the zero floor to a BSDE reflected on the zero floor. 
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For this purpose, we establish the following six preliminary lemmas. First, we introduce 
some notations. 

Definition 2.1. For an {J-'tjO <t< T}-consistent dynamic operator {8s,t['],0 < s < 
t < T}, define the system of dynamic operators £[-\J^t] '■ -^+(-^t) — ^ L'^{J^t),^ <t<T 
by 

S[Y\J^t] ■■= £t,T[Y],a.s. for Y G LI{J^t) (2.5) 
and the nonlinear functional £[■] : L?'{J^t) — > M 6?/ 

£[Y] := £o,t[Y] for Y G (jr^). (2.6) 

The two notations £[■] and behave in L'^{J^t) exactly like an {JF^, < t < T}- 

consistent expectation and its conditional {J-t,0 < t < T}-consistcnt expectation on 
J-t- The only difference lies in the domains of variables: the former's are L'^{J-t), while 
the latter 's are L'^{J^t)- This can be seen from the following obvious lemma. 

Lemma 2.2. For an {J^t-,^ < i < T}-consistent dynamic operator {£^s^t[-],0 < s <t < 

T}, £[■] and £[-\J-t] have the following properties (E1)'-(E3)'. 

(El)' £[Yi] < £[Y2] ifYi,Y2 € L\{Tt) and Yi < Y2. Furthermore, if Yi < Y2, 

thenYi = Y2 if £[Yi] = £[Y2]. 

(E2)' £[C] = C for any constant C > 0. And 

(E3)' For any Y G L'^{J^t), there is unique rj G L'^{J-'t) such that 

£[7i1a] = £[Y1a], VA g J^t, (2.7) 

which is equal to £[Y\J^t]- Therefore, £"[^1.?^^] can be viewed as the £-expectation of 
Y G L'^{J^t) conditioned on J-'t for any t G [0,T], though £ is in general not an 
{J-'t, <t < T}-consistent expectation at all. 

Lemma 2.3. Assume that £[Y\{Ft] satisfies conditions (HI)' for > 0. Then, 

mi] - £M < exp(iM'r)||6 - V6,6 € LliJ^T). (2.8) 

Therefore, £[■] is strongly continuous in L'^{J^t)- 
Proof. Using (Dl) and (HI)', we have 

£[^i]-£[i2] < f[|Ci-C2| + 6]-^[6] 

< ^^[16-61]- 
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Using Lemma l2.ll we have 

S^ilCi - a\? < exp {^l^T)E[\^^ - (2.9) 

Therefore, 

£[Ci]-£m < exp(l/i2r)(i?|6-6l')'/' = exp(l/x'T)||6-6llL2, vei,6 e 4(^t). 

(2.10) 

Identically, we can show 

SM-£[Ci] < exp(^M2^)||6 Vei,6 G 4(-^t). (2.11) 

The proof is then complete. □ 

Lemma 2.4. ('£^''-dominationJ Assume that £[Y\Tt] satisfies (HI)' and (H2)\ Then, 
we have 

8-^'[Y]<8[X + Y\-E[X]<£^'[Yl \i X ,Y ^ L\{Tt) ■ (2.12) 
Proof. In view of (HI)', it is sufficient to prove the following 

S[X + Y]- E[Y]>£-i'[Y], yX,YeLl{TT)- (2.13) 
If y < n a.s. for some integer n, then using (112)', (HI)', and Lemma l2. 11 we have 

n-{£[X + Y]-£[X]) = n + £[X]-£[X + Y]=£[X + n]-£[X + Y] 

< £^'[n - Y] < n - £-^[Y]. 

Therefore, 

£[X + Y]-£[X]>£-''[Y]. (2.14) 

In general, consider Y € L'^{Tt)- Define Yn := Yl^Y<n}- Then, Yn converges to Y 
strongly in LP'{J^t)- The above arguments show that 

£[X + Yn]-£[X]>£'^'[Yn]. 

Then using Lemma [2. 31 the desired result 1)2. 13() follows by passing to the limit n — > oo 
in the last inequality. □ 

Remark 2.3. The above proof of Lemma \2.4\ is more complicated than ^ since both 
assumptions (HI)' and (H2)' are weaker. 
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For C G L\{Tt), define the operator £:f J-] : L\{Tt) ^ L'^{^s) by 

:= £s,t[X + C] - fs,t[C], VX G L^(Jt). (2.15) 

Identically as in the case of an {J^t,0 < t < T}-expectation (see ^ Lemma 4.3, 
page 10] for detailed proof), we can show the following lemma. 

Lemma 2.5. Let ( G L\{Tt)- If {£s,t[-]^^ < s < t < T} is an {J^t,0 < t < T}- 
consistent dynamic operator defined on L'^{J^t) o-nd satisfies (HI)' and (H2)\ then 
the operator {fff[-],0 < s < t < T} is also an {J-t,^ < ^ < T}-consistent dynamic 
operator defined on L^{J^t), o-nd satisfy (HI)' and (H2)'. The expectation £^[X\Tt\ of 
X G L\[Tt) conditioned on Tt is given by the formula: 

S'^iXlTt] = £[x + C\J^t] - £[C\^t]. (2.16) 

Lemma 2.6. Assume that the two T -consistent dynamic operators f^[-] and f^[-] 
defined on LKJ't) satisfy (HI)' and (H2)'. If 

£\X]<£''[X], VXgL^(.Ft), 

then for all t, 

£^[X\Tt] < £^[X\Tt], a.s. for all X G L+(.Ft). 

Proof. The proof is divided into the two steps. 

Step 1. The case of X < n for some positive integer n. Set 

V = £^[X\Tt] - £Hx\J't]- 

Then 

-'?l{r7<0} = £^[Xl{r^<0}\J^t] " £'^[Xl{r^<o}\^t] > 

and 

n < £:^[-T/l{^<o} + n] 

= £'[£'[Xl^^^o}\:l't]-£'[X^^<o}\:^t]+n] 

= £^[Xl{^^oy-£^[Xl{^^o}\^t]+n] 

< £^[Xl{^^oy-£^[Xl{^^o}\^t]+n] 

= £^[£^[Xl{^^o} - £^[Xl{^^o}\Tt] + n\Tt]] 

= £^[£^[Xl^^^o} l-^t] +n- ^'[Xl|,<o} iJ't]] 

= n. 

12 



Thus, 

£^[-V'^{ri<o} +n]=n. 
From the floor-above strict monotonicity (Dl), we have 

-^1{»7<0} = 0- 
That is, P{{r] < 0}) = 0, a.s.. Thus, 

£\X\Tt] < £^[X\Tt], U.S.. 

Step 2. The general case of X G L'^{Tt)- 

For X G L\{Tt), deflne the truncation Xn '■= Xls^x<n}- Then it fohows from 
Lemma 12.31 that 

hm £\Xn] = £'^[X\. 

From Step 1, we have 

£HXn\Tt] < £^[Xn\Ttl n=l,2,.... 
Obviously, it is sufficient to prove the following 

lim £\X,,\Tt] = £\X\Ttl VX G L\{Tt) (2.17) 

n— >oo 

We now prove it by contradiction. 

Otherwise, there exists < e < 1 and A ^ J^t such that P{A) > and 

£^[Xn\Tt]lA < i£^[X\Tt] - e)lA. 

Since £^[Xn + l\Tt] = £^[Xn\Tt] + 1 and £^[X + l\J^t] = £^[X\J't] + 1 (by (H2)'), we 
have 

£\Xn + l\Tt]lA < (£\X + l\Tt] - e)lA. 

Using (Dl), we have £^[£^[Xn + l\J^t]lA] < £^[i£'^[X + l|j^j] - e)lA]. Then letting 
n oo, we have 

lim £\£^[Xn + l\Tt]lA] < lim £^[{£^[X + l\Tt] - e)lA] 

n^oo n— ►oo 

< £\{X + 1)Ia]. (2.18) 
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While we have by Lemma l'2. II the fohowing 

lim S\£\Xn + l\Tt]lA] = lim 8\{Xn + 1)1 a] 

= £\{X + 1)Ia]. (2.19) 

This contradicts (|2.18j) . Therefore, (|2.17|) is true. □ 
Combining Lemmas 12.61 and 12.41 we have 

Lemma 2.7. Let {£s,t[^]^^ ^ s <t < T} be an T-consistent dynamic operator defined 
on L'^{J^t) and satisfy (HI)' and (H2)'. Then, for each t <T, we have 

S-f'lYlTt] <£[X + Y\Tt]-£[X\Tt] <£^[Y\Tt],a.s. for all X, y e (jr^). (2.20) 

Remark 2.4. Lemma \2. 7| shows that (HI)' together with (H2)' and (D1)-(D4) implies 
(HI), as pointed in the introduction. 

In the following, we extend the underlying {J-t,0 < t < T}-consistent dynamic 
operator from the subset LP^{J^t) of nonnegative square-integrable random variables 
to the whole space L?'{J-t) of square-integrable random variables. As a preliminary, 
we have the following fact. 

Lemma 2.8. Let {£s,t['],^ 1^ s < t < T} be an T-consistent dynamic operator defined 
on L'^{J^t) o,nd satisfy (HI)' and (H2)'. Let X„ := X\i^x>-n} <^nd ¥„, := £[Xn + 
n\J^t] — n for X € L'^{!Fx) o.nd n = 1,2, . . .. Then {Yn}^^i is a Cauchy sequence in 
L'^{Tt) equipped with the norm || • || = ^/E\~^ . If X ^ L'^{Tt), then Xn = X and 
Yn = £[X\Tt] for n = 1,2,.... 

Proof. For the two positive integers m and n such that m > n, we have 

Ym-Yn = £[Xm + ml^t] - m - {£[Xn + nl^t] - n) 
= £[Xm + m\J^t] - £[Xn + ■m\J='t] 

= £[Xn + Xl^_^^x<-n} + m\^t]-£[Xn + m\Tt]. (2.21) 
Thus, from Lemmas 12.71 and 12.11 we have 

E{Y^-Yr,f = E{£[Xn + m\J't]-£[Xn + Xl^_^^x<-n}+m\Tt]f 

< E{£'^[-Xl{_„i<X<-n}\^t])'^ 

< e^"^''-''>E[Xh^_^^x<-n}]- (2.22) 
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Since X G L'^{Tt), we have 

lim E[Xh{_^<x<-n}] = 0. 

m,n—*oo '- — — J 

Therefore, 

hm E(Y^-Ynf = 0. 

n,m—*QO 

□ 

Lemma 12.81 shows that f introduced below is well defined for any X G 

Definition 2.2. For X £ L'^{J='t), denote 

Xn ■= Xl^x>~n}- (2.23) 
We introduce a dynamic operator {£s,t[X],X £ LP'[Tt)',^ < s <t <T} by 

£[Xn\J^t] ■■= £[Xn + n\Tt] - n, n = l,2,...; (2.24) 

and 

iiXlJ't] ■■= lim £[Xr,\J^t] (2.25) 

n— >oo 

for any for X € L'^{Tt)- 

Remark 2.5. It is obvious that if X £ L']^{Tt), we have £[X\Tt] = £[X\!Ft\^-S- for 
t G [0,T]. 

We have the following continuity on the extended operator £"[-1^^]. 

Theorem 2.3. Let {£'s^t[-],0 < s < t < T} be an J^-consistent dynamic operator 
defined on L'^(J^t) ctnd satisfy (HI)' and (H2)'. For each t G [0,T], the conditional 
expectation operator £[-\!Ft\ is strongly continuous from L'^{Tt) to Lp'{J-t)- That is, if 

lim Xn = X, strongly in L?{Tt), 

n— »oo 

then 

lim £[Xn\J't] = £[X\Ft], strongly in L^iJ't)- (2.26) 

n^oo 

Proof. For the two positive integers m and n such that m > n, define 

6i := £[Xn\J^t] - £[Xnl{X„>-m} + ^^l-^t] " m 
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52 := {£[Xnl{x„>-m} + -m)- {£[Xl{x>-m} + M^t] - m). 

Using Lemma 12.71 we have 

- Xli^x>-m}\\^t] 

-£[Xl{x>-m} + mlJ'tjl 

< £^[\Xnl{Xr^>~m} - Xl{x>-ni}\\^t] 

< £:^[|X„l|x„>-™} -X||.^t] -Xl{x>_^}||J-t]. 

Thus, using Lemma l2.ll we have 

E\62\^ < 3E£^'[\Xnl{x„>-m}-Xnm? + 3E£^'[\Xn-X\\J^t? 
+3E£V - Xl{x>-^}\\:Ftf 

< 3e^'^''-'^E\Xnl{x„>-m}-Xn\^ 

+3e'^'(^-*)(^lX„ - + E\X ~ Xl{x>-rn}\^) 

< 3e^'^E\Xr,l{x„^_„,y\^ + 3e^'^iE\Xr, - X\^ + E\X^x<-rn}\^)- 

Letting m ^ 00 in the fohowing 

EiiiXnlJ't] - £[X\Tt]\^ 

< 3{E\dif + E\62\^ + E\£[Xl{x>-m} + m\Tt] - m - £[X\Tt]\^) 

< Ci (^E6l + £^|X„l|x„<-m}P + E\Xn - Xp + E\Xl^x<~m}\'^ 

+E\£[Xl{x>-n^} + m\Tt] -m- £[X\J^t]?^ , 

we have 

E\£[Xn\J't] - £[X\Ft]? < CiE\Xn - X\\ 

Therefore, 

hm £[Xn\Tt] = £[X\Tt]. 

n— >oo 

□ 

The extended dynamic operator £ can be shown to be identified to an {^t, <t< 
r}-consistent expectation £. 
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Theorem 2.4. Let {£'s,t[-],0 < s < t < T} be an {Tt,0 < t < T}-consistent dy- 
namic operator defined on L\{Tt) and satisfy (HI)' and (H2)\ Then, the dynamic 
operator £[-\Tt] defined by /f03l) satisfies (HI)', (H2)', (Dl), (D2)', (D3), and (D4)'. 
Therefore, it is an {JFt,0 <t< T}-consistent expectation. 

Proof. For X G L^iJ^x) and Y G L^{Tt), define 

It is easy to check all the properties of Monotonicity (Dl), Lemma 12.91 (D2)', (D3), 
(D4)', (H2)' and (HI)' for Xn and Y^. From Theorem 12. 3| let n — > oo, monotonicity 
(Dl), Lemma inn (D2)', (D3), (D4)', (H2)', and (HI)' then follow immediately. 
If y > X and i[Y\J^t] = SiXlJ't], then it follows from Lemma [Tl that 

= £[Y\Tt] - £[X\Tt] > £~^[Y - X\Tt] > 0. 

Thus, 

g-^'lY -X\Tt] =0. 

Therefore, 

Y = X. 

This shows the strict monotonicity. □ 
The generator g of the BSDE representation of the {J-t,0 < t < T}-consistent 
expectation £[■] given by Theorem 11.21 turns out to be that of the desired RBSDE. 

Theorem 2.5. Theorem \1.1\ is true in the case of the zero floor S = 0. Moreover, 
the assumption (HI) may be weakened to (HI)'. 

Proof. Theorem ins shows that £[X],X G L^{Tt), defined by TTIEii is an {Tt,0 < 
t < r}-expectation, and satisfy (HI)' and (H2)'. From Theorem 11.21 there exists a 
function 51 : i7 x [0, T] x M'^ ^ M, satisfying (C2) and (C3) and the following properties: 
g{0,z) = 0, \git,z)\ < fi\z\ for a.e. t G [0,T], and £[X] = £3[X] for any X G L^iJ'r)- 

In version of Remark 12.51 and Lemma 12.11 we have 

£[X] = £[X] = £^[X] = [X] for anyX G LI{Tt). 

Hence, for any A £ J^t and X G L^{J-t), we have 

£[X1a] = £''^'[XIa]. (2.27) 
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This shows that £[X\Tt\ = £''^3[x\Tt] for any X G LK^t)- That is, £t,T[X] = S^'Jl^] 
for any X G L\{Tt). □ 



3 The case of the negative floor. 

Consider the dynamic nonhnear operator with a negative floor < 0. 

In what follows, we discuss the property of the solution Y to a RBSDE 1)1.1(1 from 
a view point of operators. Given t < T and Y G L'^{J-t; St), consider the following 
RBSDE on the interval [0,t]: 

Ys=i+ j g{r,Yr,Zr)dr + Kt- Kr - f {Zr,dBr), 0<s<t. (3.1) 

J s J s 

Suppose that the generator g satisfies conditions (C2)-(C4). 
Definition 3.1. Define, for < s < t < oo and Y G L'^{J^t; St), 

£:f[y] ■■= vs, (3.2) 

where {y,z,K) is the solution of RBSDE U.l\) with the parameter {Y,g,S). 

Theorem 3.1. Let the random field g satisfy (C2)-(C4)- Then if St < a.s. for 

t G [0,T], the dynamic operator {£^^f''^,0 < s < t < T} satisfies Axioms (HI), (H2), 
and (D1)-(D4). 

Proof. Let us prove (HI) first. Let X] and be the solutions of RBSDE (|XT|) 
with the terminal conditions X + Y and X, respectively. Ys = £^rp'\Y\. Applying Ito's 
formula to |(Xj — — 1"^)+^, and taking the expectation, we have: 

E\{Xl - X2 - y,)+|2 + E j*^ 1{xI-x^^>ya\ZI - Zl - Zrfdr 
< 2E f{Xl - Xl - Yr)+[f{r, Z].) - f{r, Z^) - fi\Zr\]dr 

J s 

+ 2E {Xl - xl - Yr)^{dKl - dKl). 
Since X} — X^ — Yr< X} — Sr, we have 

/ {X}. - X^ - Yr)+{dK^ - dK^) = - I {Xl - xl - Yr)+dKl < 0. 

J s J s 
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It follows from the conditions (C2) and (C3) that 

E\{Xl - Xl - + r \xi-x^>Y.^\Zl - Zl - Zrfdr 

J s 

< 2E I {Xl - X^ - Yr)+fi[Zj. - Zl - Zr\]dr 

J s 

< E f l{xi-x^^>Y.}\Zl - Zl - Zr\^dr + E f f?[Zl - Z^ - Zr\fds. 

J S J S 

Hence 

E\{Xl - X^ - y,)+|2 <E [ y?[Zl - Zl - Z,\fds, 

J s 

and from Gronwall's lemma, (X^ — X^ — Ys)~^ = 0, < s < t. Therefore, 

£:f[X + Y]- £:-f[X] < £^^,[Y], VX G L^Tf, St) and Y G L^(^,). 

Similarly, we can show the following inequality in (H2): 

£:'f[X + Y]< £:f[X] + y, VX G L^J^f, St),Ye LliJ^s). 

If £lf^ [X] > Ss a.s. for s G [r, t], in version of the following equality 

(\£:f[X] - Ss]dKs = 0, (3.3) 
Jo 

we have 

Kg = Kq = 0, a.s. Vs G [r, t]. That is = 0, a.s.. 

Thus the solution of the RBSDE with the terminal condition y > X is actually that 
of a BSDE. It follows from the strict monotonicity of BSDEs that 

Y = X, a.s. <^=^ Y > X, a.s. and £r,t[Y] ~ £r,t[-^]^^-^-- 

The proof of (D1)-(D4) can be found in El Karoui and Quenez and Xu [Hj- □ 
Let {i?s,t['],0 < s <t < T} be an JF-consistent dynamic operator with floor 5 < 
and satisfy (HI) and (H2). Under suitable conditions, we can show that it can be 
represented as a BSDE reflected upwards on a negative obstacle. For this purpose, 
consider its restriction on L'^{J^t) and denote it as 

£+t[X] := £t,T[X], VXgL^(^t). (3.4) 

It is straightforward to check that £^rp satisfies conditions (HI)', (H2)', (Dl), (D2)', 
(D3) and (D4). 

Proceeding identically as in Definition 12.21 we define an {J^t, < t < T}-consistent 
expectation < t < T} by extending £^rp from L\{Tt) to LP'{Tt)- 
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Lemma 3.1. Let {£s,t[-],0 < s < t < T} be an J^- consistent dynamic operator with 
the negative floor S < and satisfy (HI) and (H2). For X € L?'{J-t] St), 
(i) we have for t G [0, T], 

£[X\Tt] < £t,T[X]- (3.5) 

Furthermore, if Et^xi^] > St a.s. for any t S [r,T] with some r >0, then 

£[X\Tt] = £t,T[X] a.s. for any t G [r, T]. 

(a) The process {£[X\J^t],0 <t<T}isan £-supermartingale. 

Proof. First, we prove assertion (i). Set Xn = Xl^x>-n}- From (H2), we have 

lim £t,T[Xn] = £t,T[X]- 
n— >oo 

From the definition of ^[-jJ^t] and (HI), we have 

£[X\J^t] = lim {£[Xn + n\J^t] - n) 
= Mm {£t^T[Xn + n]-n) 

n— >oo 

< lim £t,T[Xn\ = £t,T[X]. (3.6) 

n— »oo 

Therefore, we have 

£[X\Tt] < £t,T[X]. 
If £t^T[X] > St a.s. for t € [t, T], then we have from (Dl) that 

St,T[Xn] > £t,T[X] > St a.s. for t € [r,T]. 

In view of (H2), we see that the inequahty in H3.6|) is actually an equality for t G [r, T]. 
Therefore, 

£[X\J^t] = £t,T[X] a.s. for t G [r,T]. 

We now prove assertion (ii). Set Xt = £t^T[X] for t G [0,r]. Then from assertion 
(i), we have for all < s < t < T 

£[Xt\Ts] < £s,t[Xt] = Xs. 

Therefore, {fi^rl-'^ljO < t < T} is an £'-supermartingale. □ 
The following nonlinear Doob-Meyer's decomposition theorem, due to Coquet, Hu, 
Memin, and Peng ^ Theorem 6.3, page 20], will play a key role in the following 
arguments. 
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Lemma 3.2. Let £[■] be an {^t,0 < t < T}-consistent expectation, and let {lt,0 < 
t < T} be a continuous £ -supermartingale such that 

E[ sup iFtp] < oo. (3.7) 
te[o,T] 

Then there exists an A & ^^(0, T) such that A is continuous and increasing with 
Aq = 0, and such that Y + A is an £ -martingale. 

Using Lemmas 13.11 and 13.21 we can show the following. 

Theorem 3.2. Let {£s^tl],^ ^ s <t < T} be an T-consistent dynamic operator with 
the negative floor 5 < and satisfy (HI) and (H2). Let £^x['^ denote the restriction of 
£t,T['] on L'^{!Ft), o,nd £[-\J^t] be the extension of £^j,[-] given in Section 2. Then for 
X E L^{Tt', St), there exists an {J^t, < t < T}- adapted continuous increasing process 
{Af,0 <t <T} with = such that 

£t,T[X] = £[X + A^ \Tt] - Af for any t G [0, T]. (3.8) 

Proof. Assertion (ii) of Lemma 13.11 shows that {£'f_T[X],0 < t < T} is an £- 
sup er mar t ingale . 

In version of (D2) and (HI), we have 

St < £t,Tm < StMX] -St = £t,Tm - £t,T[St] < £It\^ - St\. 
Therefore, we have for some positive constant Ci, 

E sup \£t.T\Xf 

tG[0,T] 

< E sup £^t\X-S;!^ + E sup 

ie[o,T] ' te[o,T] 

< E sup £:fy[|X|]2 + 2^ sup \Stf 

ie[0,T] ' tG[0,T] 

< CiE\X'^\ + E sup I^tp < oo. 

te[o,T] 

In view of Lemma l3.21 there exists a continuous increasing {.7^^, < t < T}-adapted 
process {^f ,0 < t < T} with = such that {£t,T{X\ + , < t < T} is an 
f-martingale. Therefore, 

£\£t,t\X\X + A^ \Tt\ = £t,T[X] + , Vt G [0, T]. 

While £t,t[x] = X, the proof is then complete. □ 
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In the following, we introduce three lemmas for subsequent arguments. 
Identical to the case of an {^^^,0 <t< Tj-consistent expectation, we can show 

Lemma 3.3. Let {i£^s^f[-],0 < s < t < T} be an T -consistent dynamic operator with 
the negative floor S < and satisfy (HI) and (H2). For all < s < t < T , X,Y £ 
Lp'{!Ft',St), and B e J^g, we have 

EsAXIb + YIb<^] = £sAX]^B + ^s,t[^]lB- (3.9) 

Lemma 3.4. Let {£'s^t[']iO < s < t < T} be an J^-consistent dynamic operator with 
the negative floor S" < and satisfy (HI) and (H2). Let the process {A^,0 <t< T} 
with Aq = be given in Theorem \3.'A For a given X G L'^{Tt] St) and some r € [0, t), 
if 

£s^t[X]{uj) > Ss{uj), s G [r, t],a.s. to G B, B £ Tr, 

then 

AflB = AflB, a.s. for s G [r,t]. (3.10) 
Proof. For e > 0, set Yt = £t,T[X\lB + elB-- Then 

£s,t[Yt] >Ss, se[r,t]. 

From Lemma l3. II Yt satisfies 

SsAYt] = SiYtlJ's]. (3.11) 
Then from Lemma 13.41 we have for Vs G [r, t] , 

£[Yt + {Af -Af)lB\J's] = £[£[X + A^ -Af\J^t] + iAf -Af)\J^s]lB + elB^ 

= £[£[X + A^ -Af\J^t]\Ts]lB + elB^ 
= £[X + A^ -Af\Ts]lB + elB^ 

= £s,T[X]lB + elBc, 

= Ys, a.s. (3.12) 

and 

£[Yt\Ts] = £s,t[Yt] 

= £s,t[£t,T[X]]lB + elB^ 

= Ys, a.s.. (3.13) 
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Since Is - 1^ > , we have from (1X^1) and (TDTn) that 



AflB = AflB, a.s. forVse[r,t]. 

□ 

Lemma 3.5. Let {Sg^ti'], < s < t < T} be an J^-consistent dynamic operator with the 
negative floor S <0 and satisfy (HI) and (H2). Let the process {^4^,0 <t<T} with 
= Q he given in Theorem\EIR For a given X G L'^{Tt; St), {£t,T[X],0 < t < T} 
satisfies the following 

ri£t,T[X] - St)dAf = 0, a.s. . (3.14) 
Jo 

Proof. We firstly prove ^[x]>St}dA?' = a.s.. Set 

Bn := {uj : £r,T[^]iuj) > 5,(a;),V[(t-l/n) VO] <r< [{t + 1/n) AT])}; 

Cn ■= U{C e J^(t-l/n)VO '■ C C Bn}. 

Since {.Ft,0 < t < T} is the natural filtration of Bt, augmented by all P-null sets of 
J^, we have 

u~ iC„ = {£t,Tm > St}. 

Lemma 13.41 implies that Ic^dAf = 0, a.s. . Therefore, 

'^{St,T[x]>St}dAf = a.s. . 

For £t,T[X] — St > 0, we have 

r{£t,T[X] - St)dAf = r{£t,T[X] - St)l{e, ,[x]>s,}dAf = 0. (3.15) 
Jo Jo 

□ 

Theorem 3.3. Theorem \l.l\ is true in the case of the negative floor S" < 0. 

Proof. From Theorem 11.21 there exists a function g = g{t, z) : x [0, T] x M*^ 
satisfying (C2)-(C3) and g{-, -,0) = 0, such that the following holds: 

£[Y\Tt] = £'[Y\Tt], Vy G L\TT),t G [o,r]. 

Therefore, for X G L^{Tt; St), we have £[X + A^ \J^t] = £^[X + A^ \Tt] for t G [0, T]. 
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From the definition of £9 [X + A^] and £3 [x + {Tt] , we know that there is unique 
Z G £2^(0, T;M'^) such that 

£3[X + A^\J't]= X + A^ + g{s,Zs)ds- {Zs,dBs), a.s. for any t G [0, T]. 

Jt Jt 

Set 

Xt:=X+ [ g{s,Zs)ds- [ Z^dB^ + A^-Af. (3.16) 
Jt Jt 

Then from Lemma 13.21 we have 

£t,T[X] = £[X + A^\Tt]-Af 

= £<^[X + A^\rt]-Af =Xt. (3.17) 

Since Xt = ^t,T[-^] ^ St, it follows from Lemma 13.51 that {{Xt, Zt, A^),{) <t< T} is 
the solution of RBSDE {X,g, S). That is, 

£t,T[X]=Xt = £lf^[X], VXGL2(^r;5T). (3.18) 



Remark 3.1. From the proof of Theorem [Q {{£t^T[X], Zt, Af),0 < t < T} is the 
solution of RBSDE {X,g,S). Therefore, the increasing process {Af^,0 < t < T} is 
unique for a given X € L?'{Tt', St)- 

4 The general case of the upper bounded floor: 
the proof of Theorem II. IL 

Now consider the general case of the upper bounded floor S. 
Definition 4.1. Define a new dynamic operator 

: L\j^t;St -C)^ L\Ts;Ss -C),0<s<t<T (4.1) 

by 

£^^t[X] := £,4X + C]-C,yXe L\Tu St-C). (4.2) 
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It is easy to prove that S^^[X] for X G L'^i^t', St — C), satisfies all the conditions 
(HI), (H2), and (D1)-(D4). Then, applying Theorem El to we have Theo- 

rem 
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